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Abstract
An international portfolio allows simultaneous investment in both domestic and
foreign markets. It hence has the potential for improved performance by exploiting a
wider range of returns, and diversification benefits, than portfolios investing in just one
market. However, to obtain the most efficient portfolios (along with the usual manage-
ment of assets) the risks from currency fluctuations need good management, such as
by using appropriate hedging. In this paper, we present a two-stage stochastic interna-
tional portfolio optimisation model to find an optimal allocation for the combination of
both assets and currency hedging positions. Our optimisation model allows a “currency
overlay”, or a deviation of currency exposure from asset exposure, to provide flexibility
in hedging against, or in speculation using, currency exposure. The transaction costs
associated with both trading and hedging are also included.
To model the realistic dependence structure of the multivariate return distributions,
a new scenario generation method, employing a regular-vine copula is developed. The
use of vine copulas allows a better representation of the characteristics of returns,
specifically, their non-normality and asymmetric dependencies. It hence improves the
representation of the uncertainty underlying decisions needed for international portfo-
lio optimisation problems. Efficient portfolios optimised with scenarios generated from
the new vine-copula method are compared with the portfolios from a standard scenario
generation method. Experimental results show that the proposed method, using realis-
tic non-normal uncertainty, produces portfolios that give better risk-return reward than
those from a standard scenario generation approach, using normal distributions. The
difference in risk-return compensation is largest when the portfolios are constrained to
require higher returns. The paper shows that it can be important to model the non-
normality in uncertainty, and not just assume normal distributions.
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1. Introduction
The seminal work of Markowitz [31] formulated the portfolio optimisation problem
by minimising risk, the variance of the returns, at a given level of mean or expected
return. It is hence one method to handle optimisation under uncertainty. A some-
what different standard method to cope with uncertainty in the input data is Stochas-
tic programming [7], [20], which can also be applied to an optimisation problems.
Specifically, rather than representing input as a point (single) estimation, many possi-
ble estimations are represented, with each choice being called a scenario. Commonly,
a discrete empirical probability distribution is employed to approximate a list of sce-
narios and so the corresponding probabilities [24]. The process to transform a given
probability distribution to a set of scenarios is known as scenario generation; for a good
presentation of such modelling and applications see Wallace and Ziemba [46].
Typically, scenario generation methods characterise probability distributions by the
first to the fourth statistical moments; that is, mean, variance (or standard deviation),
skewness and kurtosis (See Larson [28] for more details). The relationship between
different (marginal) distributions is generally described by a correlation matrix (see
Høyland et al. [17] and Kaut et al. [22] for examples). Although, these often suffices
to capture the shape of marginal distributions, there still exist limitations in describing
the relationship among distributions by such moments and correlations. In particu-
lar, correlation (specifically the correlation coefficient, or Pearson’s correlation [36]),
captures the linear dependency between any two random variables, and does cannot
capture non-linear dependencies, and so tends to give a misleading measurement when
the measured data contain outliers or are highly-skewed. In such cases, an alternative
treatment is to employ a rank correlation such as Kendall’s tau [25]. to measure a
non-linear relationship. Nonetheless, for the ease of implementation, distributions are
conventionally assumed normally-distributed when using correlations.
In reality, returns of most financial securities are non-Gaussian; and also they
present an asymmetric dependence (see, for instance, Erb et al. [13], Longin and Sol-
nik [30], Ang and Bekaert [2], Ang and Chen [3], Campbell et al. [8], Mitchell and
Pulvino [32] and Patton [35]) in which returns are more strongly correlated in bear
markets than in flat and bull markets. Thus, scenarios generated under normality and
linear dependence assumptions do not reflect realistic events, and this has the potential
to substantially affect the quality of solutions obtained by optimisation making such as-
sumptions. As a consequence, methods are needed to extract appropriate information
from the (historical) data, and then appropriately model, and exploit, the asymmet-
ric non-normal dependencies among return distributions. We will give methods based
on copulas [42], as they have become a standard method in describing a generalised
relationship among return distributions while retaining a good level of usability. In
particular, copulas have been used in scenario generation for stochastic programming
in recent years, for example, in the works of Kaut [21], Kaut and Wallace [24] and
Sutiene and Pranevicius [44].
Sklar [42] describes a copula as a function that links a multidimensional distribu-
tion to its margins. The mathematical formulations of copulas are given in Sklar [41]
and Nelsen [34]. The major advantage of copulas is that they allow a separation of the
marginal distributions and their dependency structures and hence these components can
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be modelled independently. This feature offers the flexibility to combine marginal dis-
tributions from different families within copulas; unlike a standard multivariate normal
distribution where all marginal distributions are assumed Gaussian and with linear de-
pendence. With copulas, the resulting scenarios generated can hence take into account
non-normality such as heavy tails and asymmetric dependencies. Such improvements
have the potential to help avoid risk underestimation in standard methods such as gener-
ating scenarios from using a multivariate normal distribution. One of the contributions
of this paper is an improvement of a scenario generation method. In the existing liter-
ature, [21] and [24] use empirical copulas whilst Sutiene and Pranevicius [44] employ
Gaussian and Student’s t multivariate copulas in generating scenarios. The limitation
of such empirical copulas is that the solutions could be unreliable when they are esti-
mated from small samples. Also, applying multivariate copulas requires a dependence
structure that can be described by one copula family; this lacks flexibility when used
in high-dimensional modelling. To deal with such drawbacks, we exploit vine copulas
[5] to model the dependence structure. In essence, a vine copula is a collection of bi-
variate copulas which can be represented by a nested set of trees that fulfil a certain set
of conditions [5]. Vine copulas benefit from being able to use a wide range of bivariate
copula families. A dependence structure of random variables will then be estimated
pair-by-pair; a process which is more flexible than being characterised by a single cop-
ula family. The resulting scenarios generated with vine copulas should therefore have
the potential to better represent dependencies of financial returns.
We will then exploit the vine-copula model of the real-world data, by a proposed
two-stage stochastic international portfolio optimisation problem, and that is formu-
lated with conditional value-at-risk (CVaR) as the risk measure. The formulation of an
optimisation model is novel and it is another contribution of this paper. The formula-
tion also incorporates a currency overlay constructed with foreign exchange forwards,
to allow currency exposure adjustments on a portfolio. Constraints associated to cur-
rency overlay and portfolio transactions are included in the optimisation model. Costs
related to exchange rates hedging that affect risk and return of the portfolio are also
taken into account.
The effects of a new scenario generation method and related constraints are empir-
ically studied so as to investigate if the new approach produces portfolios that are more
resilient to extreme events than a standard approach. More specifically, in our two-stage
stochastic optimisation problem, portfolios are optimised with two types of scenarios.
One from Regular-Vine-Copula-based scenarios as outlined earlier, hereafter referred
to as an “RVC portfolio”. Another is from a conventional method assuming that as-
set returns are normally distributed and relationship between asset returns is described
by correlation; generally, a sampling is performed on a MultiVariate Normal distribu-
tion; portfolios optimised with these scenarios are henceforth referred to as an “MVN
portfolio”. Experiments are conducted accordingly to evaluate portfolio performances
under the two types of scenarios.
The rest of this paper is organised as follows: Section 2 gives details on the back-
ground of copulas, regular-vine copulas, currency overlay, and CVaR. Section 3 demon-
strates an approach using a regular-vine copula to generate scenarios, a construction of
currency overlay and a formulation of the optimisation model. Section 4 describes
an algorithm used in solving the optimisation problem. Section 5 exhibits experiment
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results with analyses and section 6 provides a conclusion of this study
2. Background
2.1. Copulas
Nelsen [34] describes copulas as functions that join or “couple” multivariate dis-
tribution functions to their one-dimensional marginal distribution functions. The ap-
plication in multivariate modelling was introduced by Sklar [42], and demonstrated
that a multivariate distribution can be decomposed into marginal distributions which
are linked by copulas. Consequently, a given copula can produce various multivari-
ate distributions by selecting different marginal distribution functions, and vice versa.
Formally, Sklar’s theorem is given by
Theorem 1 (Sklar’s theorem). Let F be an n-dimensional distribution function with
margins F1, . . . , Fn. Then there exists a unique copula C such that
F(x1, . . . , xn) = C
(
F1(x1), . . . , Fn(xn)
)
(1)
for all x = (x1, . . . , xn) ∈ Rn. If F1, . . . , Fn are continuous, then C is unique; otherwise,
C is uniquely determined on Ran(F1) × · · · × Ran(Fn) which is the cartesian product
of the ranges of the marginal cumulative distribution functions. Conversely, given a
copula C : [0, 1]n → [0, 1] and margins Fi(x) then C (F1(x1), . . . , Fn(xn)) defines an
n-dimensional cumulative distribution function.
A multivariate density function f can be generated by differentiating (1) using the
chain rule as follows:
f (x1, . . . , xn) = c
(
F1(x1), . . . , Fn(xn)
)
f1(x1) . . . fn(xn). (2)
2.2. Pair-Copula Construction and A Regular-Vine
Theoretically, it is viable to construct higher-dimensional copulas with more than
two variables, however, in practice, financial securities tend to have different depen-
dence structure for each pair. Characterising a dependence structure by a multivariate
copula, assuming that all pairwise dependencies are alike, is thus inflexible and im-
practical. Accordingly, we will model the dependence structure by a pair-copula con-
struction (PCC). With a wide range of bivariate copulas available, the idea of PCC is to
decompose a multivariate distribution into a product of bivariate copulas and marginal
distributions.
The structure of a pair-copula decomposition is can then be given by vines, a model
of representing the construction steps and a dependence structure introduced by Bed-
ford and Cook [5] (and that can also be well-represented graphically). A pair-copula
construction starts with decomposing an n-dimensional joint density function f as
f (x1, . . . , xn) = f (x1) f (x2|x1) f (x3|x2, x1) . . . f (xn|xn−1, . . . , x2, x1). (3)
By the definition of conditional densities,
f (x j|x1, . . . , x j−1) = f (x1, . . . , x j−1, x j)f (x1, . . . , x j−1) . (4)
4
According to Sklar’s theorem, a joint density function f can be expressed as a prod-
uct of marginal density functions and their corresponding copula densities as in (2).
Combining (2) and (4) allows the conditional densities to be expressed in terms of a
pair-copula density and a marginal density. For instance,
f (x1|x2) = c12 (F1(x1), F2(x2)) f2(x2). (5)
The factorisation in (5) is then a building block to higher-dimensional cases, which can
be generalised to
f (xi|v) = cxi x j |v− j
(
F(xi|v− j), F(x j|v− j)
)
f (xi|v− j) (6)
for i, j = 1, . . . , n and v denotes an arbitrary set of x1, . . . , xn including x j but not
xi while v− j denotes all the elements from v excluding x j. Subsequently to (6), Joe
[18] shows that a conditional cumulative distribution function can be expressed in the
following form:
F(xi|v) =
∂Cxi x j |v− j
(
F(xi|v− j), F(x j|v− j)
)
∂F(x j|v− j) (7)
where Cxi x j |v− j is a bivariate copula distribution function to Fxi x j |v− j . Applying (6) to all
conditional densities in (3) gives the following decomposition:
f (x1, . . . , xn) =
n∏
i=1
f (xi)
n∏
i=2
i−1∏
j=1
ci j|( j+1)...(i−1)
(
F(xi|x j+1, . . . , xi−1), F(x j|x j+1, . . . , xi−1)
)
(8)
and there can be numerous ways in which to decompose (8). The number of decom-
positions increases rapidly with the dimension of random variables. It is, therefore,
necessary to employ a tool such as a regular-vine (R-Vine) for organising the large
number of pair-copula constructions. Other variants of vine copulas, as special cases
of an R-Vine, are a canonical-vine (C-Vine) and a drawable-vine (D-Vine). More de-
tails on vine-copulas are given in Aas et al. [1]. A vine is given by a set of trees;
random variables are nodes of a tree and edges between nodes represent copulas. In
the first tree, all pairs are unconditioned to other variables. In the second tree, all pairs
are conditioned on one other variable. In the third tree, all pairs are conditioned on two
variables, and so on. The formal definition of regular-vine copulas is given in Bedford
and Cooke [5] and Kurowicka and Cooke [27] as
Definition 1 (R-Vine). V = (T1, . . . ,Tn−1) is an R-Vine on n elements if
(i) T1 is a tree with nodes N1 = {1, . . . , n} and a set of edges denoted by E1.
(ii) For i = 2, . . . , n − 1, Ti is a tree with nodes Ni = Ei−1 and an edge set Ei.
(iii) For i = 2, . . . , n− 1 and {a, b} ∈ Ei with a = {a1, a2} and b = {b1, b2} it must hold
that #(a ∩ b) = 1 (proximity condition).
Briefly speaking, regular-vines are a graph-based tool for specifying conditional
bivariate constraints. An R-Vine of n-dimensions is a nested set of n − 1 trees and
n(n − 1)/2 edges such that the nodes of tree i + 1 are the edges of tree i and two nodes
of tree i + 1 are connected by an edge only if they share a common node in tree i (the
proximity condition).
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2.3. Conditional Value-at-Risk (CVaR)
A selection of an appropriate risk measure is vital to portfolio optimisation prob-
lems. The Basel III regulatory framework formulates a risk measure as a percentile
(generally 5th percentile) of a loss distribution, i.e., a Value-at-Risk (VaR). It repre-
sents a maximum loss under specified probability (confidence level) over a certain time
period. In order to define a Value-at-Risk and a Conditional Value-at-Risk (CVaR),
we first need to define a loss function which represents negative returns of a portfo-
lio, where the portfolio return is given by the summation of individual asset return ξi
weighted by an allocation wi.
fL(w, ξ) = −
∑
i
wiξi.
Then, a probability that a loss fL(w, ξ) does not exceed a threshold α is
Φ(w, α) =
∫
fL(w,ξ)≤α
p(ξ)dξ
where p(ξ) is a joint density function of random returns and Φ(w, α) is a cumulative
distribution loss function associated with w which is continuous and non-decreasing
with respect to α. Formally, VaR with respect to the portfolio weights w at a confidence
level β ∈ (0, 1) is given by the smallest α such that the probability of the loss fL(w, ξ)
exceeding α is at most 1 − β as follows:
VaRβ(w) = inf{α : Φ(ξ, α) ≥ β}.
However, by its definition, VaR does not distinguish the extent of losses beyond a
threshold. Besides, the non-convex characteristic of VaR implies that minimising VaR
does not guarantee a global minimum. In addition, Rockafellar and Uryasev [38] ad-
dress the drawback of VaR that it is unstable and difficult to handle numerically when
dealing with non-normal distributions. All these shortcomings disallow VaR from be-
ing an appropriate risk measure for portfolio optimisation problems.
Artzner et al. [4] suggest the desirable properties of risk measures leading up to the
notion of coherent risk measures. A Conditional Value-at-Risk (CVaR) which estimates
the expected loss greater than VaR satisfies all the criteria for coherence. Formally,
CVaR with respect to a portfolio allocation w at a confidence level β ∈ (0, 1) is defined
by
CVaRβ(w) =
1
1 − β
∫
fL(w,ξ)≥VaRβ(w)
fL(w, ξ)p(ξ)dξ. (9)
Note that the probability that fL(w, ξ) exceeding VaR accumulates to 1 − β. The rela-
tionship between VaR and CVaR is illustrated in Figure 1. Rockafellar and Uryasev
[37] introduce an auxiliary function to compute VaR and CVaR as follows:
Fβ(w, α) = α +
1
1 − β
∫
fL(w,ξ)≥α
(
fL(w, ξ) − α) p(ξ)dξ,
= α +
1
1 − βE[
(
fL(w, ξ) − α)+] (10)
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where E[·] is an expectation operator and ( fL(w, ξ) − α)+ = max ( fL(w, ξ) − α, 0). Prac-
tically, the true joint density p(ξ) is often unknown and needed to be estimated. A
discrete approximation of p(ξ) are generally used to represent the joint density of port-
folio returns. Accordingly, the corresponding approximation of Fα(w, α) in (10) given
scenarios s = 1, . . . ,N is
F˜β(w, α) = α +
1
(1 − β)N
N∑
s=1
(
fL(w, ξs) − α)+ (11)
The function approximating CVaR value F˜β(w, α) can be transformed into a linear
expression by replacing
(
fL(w, ξs) − l)+ with an artificial variable es as
F˜β(w, α) = α +
1
(1 − β)N
N∑
s=1
es (12)
where
es ≥ fL(w, ξs) − α, (13)
es ≥ 0. (14)
When applying CVaR in optimisation problems, it is shown in [37] that mean-CVaR
and mean-variance portfolios produce the same efficient frontier if a loss function is
normally distributed. However, a difference between the two approaches, can occur
when the underlying distribution is non-normal and asymmetric, and so is important in
this paper.
Probability
Portfolio loss
VaR Maximum loss
1 − 𝛽
CVaR
Figure 1: Value-at-Risk (VaR) and Conditional Value-at-Risk (CVaR). CVaR represents the expected loss
exceeding VaR.
2.4. Currency Overlay
In this section, we give a background on a currency overlay, based on our previous
work in Chatsanga and Parkes [9] where more details can be found.
When a portfolio invests in several countries with different currencies, a portfolio
value is determined by two factors. One is from asset prices plus dividends or other
interest-rate-bearing incomes and another one is from gain or loss of exchange rates.
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Investment in each country is thus portrayed as a composition of exposure in asset
markets and exposure in exchange rates. Structuring a portfolio in this way provides
flexibility in adjusting currency exposure arising from foreign currency positions. An
alteration made on currency exposure is regarded as currency overlay which modifies
the status-quo currency positions of an unhedged portfolio.
A currency overlay [45] is defined as a deviation of currency exposure from asset
exposure in a portfolio. Such a deviation is created by holding foreign exchange for-
ward contracts (FX forwards) which are widely used in managing currency exposure
[14] and are available in various currency pairs. Holding each forward pair increases
exposure in one currency and decreases exposure in another currency. For instance,
having a position of EURUSD forward at 1% of a portfolio value increases EUR expo-
sure by 1% and reduces USD exposure by 1%.
Since each forward contract involves only a pair of currencies, given that there
are C countries to invest, then there are K =
(
C
2
)
[[AJP: Note: using the ”binom” works
without errors ]] different forward contracts in total. The forward position denoted by fk j
represents how much additional exposure is added into or taken off from each currency
by the K-th forward contract. Since the exposure from a pair of currencies are equal
when being valued in a portfolio’s base currency, then it is strictly required that
∑
j
fk j =
0 for all k = 1, ...,K.
Denoting fk = ( fk1, . . . , fkC) a vector of exposure from all possible forward con-
tracts, the previous requirement implies that only two elements of fk represent the ex-
posure in which one being equal to a negative value of another, while the rest of the el-
ements only takes a value of zero. To avoid putting those requirements into constraints
of an optimisation problem, we define a matrix F with fk j representing its elements and
fk representing its rows. The matrix F is then constructed by:
F def= T ◦ (1T ⊗ q) (15)
where ◦ is the Hadamard product operator, ⊗ is the Kronecker product operator, T is
a K × C combinatorial matrix of {−1, 0, 1}, 1 is a C × 1 column vector of ones and
q = (q1, . . . , qK) is a K × 1 column vector determining the size of exposure.
The combinatorial matrix T of ternary variables is constructed by first specifying T
as a matrix of zeros of size K × C, then we denote a set D containing all combinatoric
pairs from
(
C
2
)
. In each row of T, the first member of each pair in D specifies which
element to take the value of 1 and the second member of the pair specifies the element
that take value of -1. The structure of an international portfolio with currency overlay
is presented in Table 1.
Suppose that a portfolio manager plans to invest in A asset classes from C countries,
then the exposure of assets and currencies in a portfolio can be characterised as in Table
1 with the following notations:
i Index of asset classes; i = 1, ..., A
j Index of countries, or synonymously currencies; j = 1, ...,C
k Index of forward contracts k = 1, ...,K
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a˜i j Exposure (allocation) to asset class i of country j
fk j Forward position (allocation) of contract k on country (currency) j
Country 1 · · · Country j · · · Country C
Asset class 1 a˜11 · · · a˜1 j · · · a˜1C
...
...
. . .
...
. . .
...
Asset class i a˜i1 · · · a˜i j · · · a˜iC
...
...
. . .
...
. . .
...
Asset class A a˜A1 · · · a˜A j · · · a˜AC
Forward position 1 f11 · · · f1 j · · · f1C
...
...
. . .
...
. . .
...
Forward position k fk1 · · · fk j · · · fkC
...
...
. . .
...
. . .
...
Forward position K fK1 · · · fK j · · · fKC
Asset exposure
A∑
i=1
a˜i1 · · ·
A∑
i=1
a˜i j · · ·
A∑
i=1
a˜iC
Overlay position
K∑
k=1
fk1 · · ·
K∑
k=1
fk j · · ·
K∑
k=1
fkC
Currency exposure
A∑
i=1
a˜i1 +
K∑
k=1
fk1 · · ·
A∑
i=1
a˜i j +
K∑
k=1
fk j · · ·
A∑
i=1
a˜iC +
K∑
k=1
fkC
Total overlay 12
C∑
j=1
∣∣∣∣∣∣ K∑k=1 fk j
∣∣∣∣∣∣
Table 1: Structure of a multi-currency portfolio with a currency overlay.
2.5. Cost of Carry of Foreign Exchange Forwards
This section gives a background on costs associated with holding forward contracts
in a portfolio as given in [9], where more details can be found. In our portfolio, a cur-
rency overlay can be created from several foreign exchange forwards. Costs associated
to holding a currency overlay is thus important in determining return and risk of a port-
folio. Apart from transaction costs [6] occurring from buying or selling assets, holding
a forward contract also incurs a cost from interest rate differential of corresponding
currencies in a forward contract which is known as a “cost of carry”.
The relationship between the values of a spot rate and a forward rate is determined
by a difference in interest rates earned on the respective currency pairs. The idea is that
buying a forward contract is equivalent to buying an underlying asset now and paying
a “carry” until the end of the contract.
According to [9], a cost of carry from holding a foreign exchange forward contract
can be computed by
Cost of Carry = ibuy − isell (16)
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where isell is an interest rate of a country that one wants to sell the currency off so as to
buy another currency and ibuy is an interest rate of a country that one desires to buy.
Entering into forward contracts incurs a cost of carry which can be positive or
negative depending on interest rate differential. Consider a portfolio that holds three
foreign exchange forwards as given in Table 2. A cost of carry with respect to each
forward contract depends on which currency to sell or buy, corresponding interest rates,
and a position taken on the portfolio. For instance, selling JPY for USD at 1% of the
portfolio amounts the positive carry of 1% × 2% − 1% × 1% = 0.01% to the portfolio.
Selling GBP for JPY, however, generates a negative carry of −2% × 4% + 2% × 1% =
−0.06% as a result of shifting exposure from the country with high interest rate to
the country with lower interest rate. The total overlay position is 8% of the portfolio
bearing the positive carry of 0.13% from the three forward contracts combined. This
amount of carry is added to the total return of the portfolio.
USD GBP JPY Cost of Carry
interest rate (%) 2 4 1
sell JPY, buy USD (%) 1 -1 0.01
sell USD, buy GBP (%) -9 9 0.18
sell GBP, buy JPY (%) -2 2 -0.06
overlay (%) -8 7 1 0.13
Table 2: Costs of carry associated with foreign exchange rate forward contracts. Numbers in bold indicate
positions on a portfolio (in percentage). The total currency overlay position on each currency is calculated
from the net forward positions on the respective currency. The cost of carry from holding each forward
contract is the weighted sum of interest rates and forward positions with respect to currencies associated
with the forward contract.
From Table 2, the net cost of carry is in fact a product of interest rates and overlay
positions. For an investment in any country j, a total return contributes to a portfolio is
r j = a˜ jraj + c jr
c
j + v ji j (17)
where r j is a total return from investment in a country j; a˜ j, c j and v j are respectively
asset exposure, currency exposure and an overlay position on country j; raj , r
c
j and i j
are respectively expected asset return, expected currency return and expected interest
rate of a country j.
Since an overlay position is defined as a difference in currency and asset exposure,
equation (17) can be equivalently expressed as
r j = a˜ jraj + c jr
c
j + (c j − a˜ j)i j
= a˜ j(raj − i j) + c j(rcj + i j). (18)
We define raj − i j and rcj + i j as an adjusted return of asset and an adjusted return of
currency, respectively. Equation (18) demonstrates that a portfolio total return (return
from assets, currencies and costs of carry of foreign exchange forwards) is equal to
a product of adjusted returns, asset exposure and currency exposure. This implies
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that the expression of overlay positions is not explicitly required in order to calculate
total returns of a portfolio. In addition, if a portfolio holds no forward contract, the
interest rate terms in equation (18) will be cancelled out, showing that the formulation
in equation (18) generalises total return calculation of an international portfolio.
Similarly to asset and currency returns, interest rates are not constant over time, the
volatility of interest rates is thus needed to be included in calculating portfolio risk. In
accordance with return calculation of international portfolios, we apply equation (18)
to adjust return time series before generating scenarios.
3. Methodology
3.1. Scenario Generation with Regular-Vine Copula Dependence Structure
A procedure to generate scenarios for our optimisation problem in this paper is
described below. An example of generating scenarios with an R-Vine copula on three
variables using the following method is demonstrated in Appendix B.
1. Modelling marginal distributions - Given empirical data in the form of time se-
ries of financial returns, we separately fit an invertible empirical distribution to
each time series and estimate a marginal probability distribution function (PDF).
We employ a kernel density estimation (KDE) to estimate an empirical PDF of a
return time series. To approximate a probability density function f of a random
variable Ξi for i = 1, . . . , n assuming that we have m independent observations
ξi1, . . . , ξim on each random variable, a kernel density estimator for the estimation
of the density value at point x is defined as
f (ξi) =
1
mh
m∑
j=1
K
(
ξi j − ξi
h
)
(19)
where K denotes a so-called kernel function, and h is a bandwidth. In our study,
we select the Epanechnikov kernel as a kernel function and choose an optimal
bandwidth according to Silverman’s rule of thumb, [40].
An empirical cumulative distribution function (CDF) of each return series can be
subsequently produced from an estimated PDF as follows:
F(ξi) =
∑
ξi j≤ξi
f (ξi j). (20)
The resulting CDF is uniform on the interval [0, 1] and is an input argument to a
copula function. In what follows, we denote a CDF of a random variable i by ui.
2. Estimating a regular-vine copula - To fit an R-Vine copula to a given dataset,
Dissmann et al. [11] outline the procedure as follows:
(a) Selection of the R-Vine structure, i.e. selecting which unconditioned and
conditioned pairs to use for the PCC.
(b) Fitting a pair-copula family to each pair selected in (a).
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(c) Estimation of the corresponding parameters for each copula.
In our study, the sequential method developed by Dissmann [10] which fits an
R-Vine tree-by-tree is employed to estimate the R-Vine copula. The bivariate
copula families involving in the model estimation include elliptical (Gaussian
and Student-t) as well as Archimedean (Clayton, Gumbel, Frank, Joe, BB1, BB6,
BB7 and BB8) copulas to cover a broad range of possible dependence structures.
For the Archimedean copula families, rotated versions are also included so as to
cover negative dependencies. Thorough details of the bivariate copula families
are provided in [19] and [34].
In our study, an R-Vine model is estimated using the VineCopula package on R,
[39]. The results of this step provide an exact combination of bivariate copulas
and conditional bivariate copulas (with respect to an R-Vine structure) that is
most most appropriate to the given data.
3. Sampling from a regular-vine density - We follow the R-Vine sampling method
from [11]. This step starts with sampling u1, . . . , un which are independent and
uniform on [0, 1] then set
ξ1 = u1,
ξ2 = F−12|1(u2|ξ1),
ξ3 = F−13|12(u3|ξ1, ξ2),
...
ξn = F−1n|12...n−1(un|ξ1, . . . , ξn−1)
(21)
where F−1j|12... j−1(un|ξ1, . . . , ξ j−1) for j = 1, . . . , n is the inverse of (7). (21) pro-
duces dependent ξ1, . . . , ξn which is equivalent to one scenario for random vari-
ables Ξ1, . . . ,Ξn. To generate N scenarios, the random sampling of u1, . . . , un is
repeated N times.
3.2. Two-Stage Stochastic International Portfolio Optimisation Model
3.2.1. Notations
The notations used in formulating the optimisation model are categorised by their
types and presented in separate tables. Table 3 provides the notations for parameters in
the optimisation model. The values are set arbitrarily and can be adjusted to individual
preferences. Table 4 shows the notations of variables related to transaction costs. The
variable costs are retrieved from market data while the fixed costs are set arbitrarily.
Table 5 displays auxiliary variables that facilitate calculations of the fitness function
and constraints. Table 6 exhibits the associated decision variables.
Note that in Table 5, ai j denotes final units of an asset class i in country j which
differs from its corresponding exposure a˜i j defined earlier in Table 1. To calculate the
exposure a˜i j, let P0i j be a market price of ai j, then a˜i j = ai jP
0
i j.
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Notation Range Description
A A set of assets.
C A set of currencies.
G A set of foreign exchange forwards.
Nr A set of recourse nodes, each node corresponds to each recourse
portfolio.
i N An index of asset classes, i ∈ A.
j N An index of currencies, j ∈ C.
k N An index of foreign exchange forwards, k ∈ G.
µ R+ A return target of a portfolio.
β [0, 1] The quantile for CVaR.
amini j , a
max
i j R+ Minimum and maximum holding positions of an asset ai j, respec-
tively.
cminj , c
max
j R+ Minimum and maximum currency exposures of currency j allowed
on a portfolio.
tmini j , t
max
k R
+ A minimum trading size of an asset ai j and a forward pair qk.
Vu [0, 1] A total currency overlay limit on a portfolio.
KC , KG N The number of countries allowed to invest and the number of for-
ward pairs allowed to hold in a portfolio (cardinality).
M [0, 1] A percentage of cash margin required to hold a forward contract.
B R+ An arbitrary big constant.
h0 R+ An initial cash amount in a portfolio.
a0i j R+ An initial position of an asset class i in currency j.
q0k R
+ An initial position of a forward pair k.
W0 R+ An initial wealth of a portfolio.
pr [0, 1] A probability of a recourse node r in the second stage.
Table 3: Notations for the optimisation model parameters.
Notation Range Description
pii j, pik R+ Fixed costs for buying an asset ai j and a forward pair qk, respec-
tively.
ψi j, ψk R+ Fixed costs for selling an asset ai j and a forward pair qk, respec-
tively.
ρi j, ρk R+ Variable costs for buying an asset ai j and a forward pair qk, respec-
tively.
λi j, λk R+ Variable costs for selling an asset ai j and a forward pair qk, respec-
tively.
P0i j, P
0
k R
+ Prices (in base currency) per unit of an asset ai j and a forward pair
qk in the first stage, respectively.
Table 4: Notations for the transaction costs.
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Notation Range Description
F, Fr A matrix specifying currency exposure adjustment corresponding
to market values of forward positions held in the first stage and at a
recourse node r, respectively.
T A ternary matrix containing 0,1 and -1.
q, qr A vector containing market values of forward positions in the first
stage and at a recourse node r, respectively.
fk j, f rk j R A matrix element of F in the first stage and at a recourse node r,
respectively.
Wr R Wealth of a portfolio at a recourse node r.
c j, crj R Currency exposure of currency j in the first stage and at a recourse
node r, respectively.
er R Expected shortfall (expected loss exceeding VaR) at a recourse node
r.
α R VaR value.
ai j, qk R Final units of an asset ai j and a forward pair qk in the first stage.
ari j, q
r
k R Final units of an asset ai j and a forward pair qk at a recourse node r,
respectively.
acshi j , a
csh,r
i j R An amount of cash reserved for margin requirement of forwards
(considered as an asset class denominated in base currency) in the
first stage and at a recourse node r, respectively.
Table 5: Notations for the auxiliary variables of the optimisation model.
Notation Range Description
bi j, bk R+ The number of units of an asset ai j and the number of units of a
forward pair qk bought in the first stage, respectively.
bri j, b
r
k R
+ The number of units of an asset ari j and the number of units of a
forward pair qrk bought at a recourse node r, respectively.
si j, sk R+ The number of units of an asset ai j and the number of units of a
forward pair qk sold in the first stage, respectively.
sri j, s
r
k R
+ The number of units of an asset ai j and the number of units of a
forward pair qk sold at a recourse node r, respectively.
xi j, xk B The binary decision variables for buying an asset ai j and a forward
pair qk in the first stage, respectively.
xri j, x
r
k B The binary decision variables for buying an asset ai j and a forward
pair qk at a recourse node r, respectively.
yi j, yk B The binary decision variables for selling a forward pair qk in the
first stage, respectively.
yri j, y
r
k B The binary decision variables for selling a forward pair qk at a re-
course node r, respectively.
z j, zrj B The binary decision variable for investing in country j in the first
stage and at a recourse node r, respectively.
Table 6: Notations for the decision variables of the optimisation model.
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3.2.2. The Model
Here we propose the two-stage stochastic portfolio optimisation model. The pro-
posed model comprises two stages, the first stage makes decision to buy or sell assets
and forwards based on existing information before the realisation of the uncertain asset
and forward prices (equations (23) to (42)). Then when prices become realised, further
decisions are made in the second stage to avoid constraints violations (equations (43) to
(66)). A decision at this stage generally depends on a particular realisation (scenario)
of the uncertain variables.
minimise
α + 11 − β ∑
r∈Nr
prer
 (22)
subject to
First Stage: Portfolio Selection
ai j = a0i j + bi j xi j − si jyi j, (23)
qk = q0k + bk xk − skyk, (24)
h0 +
A∑
i=1
C∑
j=1
(
si jP0i j
)
yi j −
A∑
i=1
C∑
j=1
(
ψi j + λi j si jP0i j
)
yi j
+
G∑
k=1
(
skP0k
)
yk −
G∑
k=1
(
ψk + λk skP0k
)
yk
=
A∑
i=1
C∑
j=1
(
bi jP0i j
)
xi j −
A∑
i=1
C∑
j=1
(
pii j + ρi jbi jP0i j
)
xi j
+
G∑
k=1
(
bkP0k
)
xk −
G∑
k=1
(
pik + ρkbkP0k
)
xk, (25)
q =
[
qk ◦ P0k
]
, (26)
F = T ◦
(
1T ⊗ q
)
, (27)
acshi j = M
G∑
k=1
∣∣∣qk∣∣∣ P0k , (28)
c j =
A∑
i=1
ai jP0i j +
G∑
k=1
fk j + acshi j , (29)
1
2
C∑
j=1
∣∣∣∣∣∣∣∣
G∑
k=1
fk j
∣∣∣∣∣∣∣∣ ≤ Vu
C∑
j=1
c j, (30)
xi j + yi j ≤ 1, (31)
xk + yk ≤ 1, (32)
tmini j xi j ≤ bi j ≤ B, (33)
tmini j yi j ≤ si j ≤ B, (34)
tmink xk ≤ bk ≤ B, (35)
tmink yk ≤ sk ≤ B, (36)
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cminj z j ≤ c j ≤ cmaxj , (37)
A∑
i=1
xi j +
A∑
i=1
yi j ≥ z j; ∀ j ∈ C, (38)
C∑
j=1
z j ≤ KC , (39)
G∑
k=1
xk +
G∑
k=1
yk ≤ KG, (40)
bi j, bk, si j, sk ∈ R+, (41)
xi j, xk, yi j, yk, z j ∈ {0, 1}, (42)
Second Stage: Recourse
ari j = ai j + b
r
i j x
r
i j − sri jyri j, (43)
qrk = qk + b
r
k x
r
k − srkyrk, (44)
A∑
i=1
C∑
j=1
(
sri jP
r
i j
)
yri j −
A∑
i=1
C∑
j=1
(
ψi j + λi j sri jP
r
i j
)
yri j
+
G∑
k=1
(
srkP
r
k
)
yrk −
G∑
k=1
(
ψk + λk srkP
r
k
)
yrk
=
A∑
i=1
C∑
j=1
(
bri jP
r
i j
)
xri j −
A∑
i=1
C∑
j=1
(
pii j + ρi jbri jP
r
i j
)
xri j
+
G∑
k=1
(
brkP
r
k
)
xrk −
G∑
k=1
(
pik + ρkbrkP
r
k
)
xrk; ∀r ∈ Nr (45)
qr =
[
qrk ◦ Prk
]
, (46)
Fr = T ◦
(
1T ⊗ qr
)
, (47)
acsh,ri j = M
G∑
k=1
∣∣∣qrk∣∣∣ Prk, (48)
crj =
A∑
i=1
ari jP
r
i j +
G∑
k=1
f rk j + a
csh,r
i j , (49)
1
2
C∑
j=1
∣∣∣∣∣∣∣∣
G∑
k=1
f rk j
∣∣∣∣∣∣∣∣ ≤ Vu
C∑
j=1
crj; ∀r ∈ Nr, (50)
xri j + y
r
i j ≤ 1; ∀r ∈ Nr, (51)
xrk + y
r
k ≤ 1; ∀r ∈ Nr, (52)
tmini j x
r
i j ≤ bri j ≤ B; ∀r ∈ Nr, (53)
tmini j y
r
i j ≤ sri j ≤ B; ∀r ∈ Nr, (54)
tmink x
r
k ≤ brk ≤ B; ∀r ∈ Nr, (55)
tmink y
r
k ≤ srk ≤ B; ∀r ∈ Nr, (56)
cminj z
r
j ≤ crj ≤ cmaxj ; ∀r ∈ Nr, (57)
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A∑
i=1
xri j +
A∑
i=1
yri j ≥ zrj; ∀ j ∈ C, ∀r ∈ Nr, (58)
C∑
j=1
zrj ≤ KC ; ∀r ∈ Nr, (59)
G∑
k=1
xrk +
G∑
k=1
yrk ≤ KG; ∀r ∈ Nr, (60)
Wr =
A∑
i=1
C∑
j=1
ari jP
r
i j +
G∑
k=1
qrkP
r
k + a
csh,r
i j , (61)
er ≥ −
(
Wr
W0
− 1
)
− α; ∀r ∈ Nr, (62)
er ≥ 0; ∀r ∈ Nr, (63)∑
r∈Nr
pr
(
Wr
W0
− 1
)
≥ µ, (64)
bri j, b
r
k, s
r
i j, s
r
k ∈ R+, (65)
xri j, x
r
k, y
r
i j, y
r
k, z
r
j ∈ {0, 1}. (66)
The details of the proposed optimisation model are given as follows:
• Objective function - (22) determines an expected β-percentile CVaR of portfolio
returns at the end of the second stage where α is the corresponding VaR value.
• Unit balance - the constraints (23) and (24) in the first stage and (43) and (44) in
the second stage. The final position is calculated from initial units plus bought-in
units deducted by sold-out units.
• Cash balance - the constraints (25) in the first stage and (45) in the second stage.
Money for purchasing securities is strictly from initial cash plus cash received
from selling securities.
• Currency overlay construction - the constraints (26) and (27) in the first stage
and (46) and (47) in the second stage. A currency overlay is a combination of
foreign exchange forwards.
• Margin requirement of forwards - the constraints (28) in the first stage and (48)
in the second stage. A portfolio is required to reserve some cash to retain forward
positions.
• Currency Exposure - the constraints (29) in the first stage and (49) in the second
stage. The exposure on each currency is the sum of total market values of all
investments (assets and forwards) denominated in that currency.
• Total currency overlay - the constraints (30) in the first stage and (50) in the
second stage. A total currency overlay of a portfolio cannot exceed a predefined
limit.
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• Either buy or sell - the constraints (31) and (32) in the first stage and (51) and
(52) in the second stage. A security is not allowed to be bought or sold at the
same time in order to prevent unnecessary transaction costs.
• Bounded trading size - the constraints (33), (34), (35) and (36) in the first stage
and (53), (54), (55) and (56) in the second stage. The size of each transaction is
required to be within some predefined limits.
• Bounded curency exposure - the constraints (37) in the first stage and (57) in the
second stage. Exposure of each currency is bounded to some predefined limits.
• Cardinality constraint on number of currencies - the constraints (38) and (39) in
the first stage and (58) and (59) in the second stage. The number of currencies a
portfolio is exposed to cannot exceed KC .
• Cardinality constraint on number of forwards contracts - the constraints (40)
in the first stage and (60) in the second stage. The number of forwards in the
currency overlay cannot exceed KG.
• CVaR evaluation - the constraints (61), (62) and (63). CVaR is calculated as an
expected loss beyond the VaR value α.
• Portfolio return target - the constraint (64). A target return of the portfolio.
4. Algorithm
The optimisation problem outlined earlier is a two-stage stochastic programming
which is generally more challenging than a deterministic model due to an increasing
search space from additional variables in the second stage. For example, it is proved
in [12] that linear two-stage stochastic programming problems are #P-Hard which is
generally believed to be harder than the corresponding NP-complete problems.
Cardinality constraints are also included into our optimisation model which makes
the problem integer-mixed and the search space discontinuous resulting in even more
challenging optimisation problem [43]. We initially attempted to solve our two-stage
stochastic portfolio optimisation with the exact search method using CPLEX which
fails to give any feasible solution within a time limit of three hours. We therefore
employed a genetic algorithm to solve this problem.
4.1. Genetic Algorithm
A Genetic Algorithm (GA) is a (stochastic) search algorithms originally developed
by Holland [16]. The idea is inspired by the basic principles of biological evolution
and natural selection. GA imitates the evolution of living organisms, where the fittest
individuals dominate over the weaker ones, by mimicking the biological mechanisms
of evolution, such as selection, crossover and mutation.
In a GA, an initial population (usually) consists of several feasible solutions (in-
dividuals). Based on the fitness values, some individuals are probabilistically selected
to remain unchanged to the next generation and some individuals are probabilistically
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selected to engage in the genetic operations to produce children (offspring) for the next
generation. Cross over and mutation genetic operators take part in the process of gen-
eration production and in successive generations the fitness values are evaluated again.
This process is repeated until acceptable solutions are found or a termination criterion
is satisfied. Comprehensive descriptions of GA methods can be found in [15].
Let Θ denote a population size, Γ denote the number of generations, ∆ denote a
selection probability, Λ denote a crossover rate and Υ denote a mutation rate. The
details of the genetic algorithm applied to solve our optimisation problem is provided
in Algorithm 1, and the parameter values for GA and the optimisation model are given
in Section 5.2.
Algorithm 1 Genetic Algorithm for the optimisation problem.
0: Initialise the zeroth generation from a randomly-weighted portfolio.
1: for each individual in the initial generation do
2: Evaluate the fitness values.
3: end for
4: while termination criterion is not satisfied do
5: Elitism: select the fittest individuals in the current generation in the current
generation that are guaranteed to survive to the next generation.
6: Selection: select ∆(Θ− 1) individuals to become parents for the next generation
using the Stochastic Uniform Selection Method.
7: Crossover: pairing the selected parents to generate Λ(Θ − 1) children for the
next generation other than the elite child using the Arithmetic Mean method.
8: Mutation: (1−Λ)(Θ−1), or the rest of the next generation, are generated through
mutation. The Adaptive Feasible Mutation is employed to add a randomly gen-
erated number to each gene (a decision variable) of the selected individuals.
9: end while
In our study, the genetic algorithm is implemented via GA Toolbox in MATLAB
R2015b. A chromosome contains all the decision variables presented in Table 6. We
specify the selection function as the Stochastic Uniform Selection Method. The ap-
proach lays out a line in which each parent corresponds to a section of the line of
length proportional to its scaled value. The algorithm moves along the line in steps of
equal size. At each step, the algorithm allocates a parent from the section it lands on.
The first step is a uniform random number less than the step size.
For the crossover function, children are created from the arithmetic mean of two
parents. For the mutation function, since our optimisation problem is constrained,
the Adaptive Feasible Mutation is selected. The idea is to randomly generates direc-
tions (positive or negative random numbers) that are adaptive with respect to the last
successful or unsuccessful generation. Other GA Toolbox configurations to solve our
optimisation problem are set to the default.
Due to the probabilistic development of the solutions, GA cannot guarantee opti-
mality even when it may be reached. To verify the reliability of solutions from GA
under our settings, we examine the plot of fitness values at each generation for port-
folios at target returns 1.20% and 1.40%. In Figure 2, the top panel shows the results
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from vine-copula-based scenarios and the bottom panel displays the results from mul-
tivariate normal scenarios. The blue hollow circles represent the average of fitness val-
ues over an entire population and the red dots indicate the best fitness values (minimum
CVaRs). All the optimisations (both shown and not shown in Figure 2) converge within
the maximum number of generations (500). The runtime spent on solving each portfo-
lio is approximately 50 minutes (see more details in Table 9). For most cases, the fitness
value reaches the minimum at around the 250th generation which gives evidence of the
reliability of solutions obtained from the GA when solving our optimisation problem.
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Figure 2: The evolution of fitness values (CVaR) over generations when running GA on portfolio with vine-
copula-based and multivariate normal scenarios at target returns of 1.20% and 1.40%. The blue hollow circles
represent the average of fitness values over an entire population and the red dots indicate the best fitness
values (minimum CVaRs). All the optimisations converge within the maximum limit of 500 generations.
5. Results and Discussions
5.1. Data
In our study, the investments of interest are in four asset classes; blue-chip stock
indices, government bond indices, corporate bond indices, commodity (gold) and cur-
rencies. There are in total eighteen countries with fourteen currencies (including USD
as a base currency of a portfolio). Equity investment covers all countries while gov-
ernment bond investments are in most countries (some are omitted due to small market
sizes and lack of liquidity). For corporate bonds, only those issued in EUR, GBP and
USD are selected to be invested in a portfolio. The only commodity invested in the
portfolio is gold which is quoted in USD. All investments in the portfolio are specified
in Table C.10.
The monthly return data are from Jan-02 to May-15. The in-sample period used
for estimating scenarios covers Jan-02 to Dec-11. The out-of-sample period takes the
rest of the data, from Jan-12 to May-15. Returns for government and corporate bonds
are collected from MorganMarkets. Returns for currencies, stock indices and gold are
collected from Bloomberg.
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5.2. Parameter Settings
Key parameters for GA are set as below while the rest of GA toolbox parameters
take the default values. For the optimisation model in all experiments, if not stated
otherwise, the parameters are set as follows:
(a) GA parameters - The population size Θ = 500, the number of generations Γ =
500, selection probability ∆ = 10% and crossover rate Λ = 80%.
(b) Model parameters - An efficient frontier is created with 22 portfolios1, with the
target returns µ = 0.55, 0.60, . . . , 1.60. The confidence level of CVaR β = 95%.
Fixed costs for buying assets and forwards pii j = 0.001% and pik = 0.001% of
portfolio values. Fixed costs for selling assets and forwards ψi j = 0.001% and
ψk = 0.001% of portfolio values. Variable costs for buying assets and selling
assets denominated in USD, EUR, GBP and JPY; ρi j = 0.01%, λi j = 0.01%
while ρi j = 0.05%, λi j = 0.05% when buying or selling assets denominated
in other currencies. Variable costs for buying and selling each forward pair (ρk
and λk) are the historical average of bid-ask spreads collected from Bloomberg.
The minimum and maximum holding positions of each asset amini j = 0.01% and
amaxi j = 100%, respectively. The minimum and maximum currency exposures
for each currency cminj = 0.01% and c
max
j = 100%, respectively. The minimum
trading size of an asset and a forward pair ai j = 0.1% and qk = 0.1%. The
maximum total overlay limit Vu = 100%. The cash margin requirement to hold
a forward contract M = 10%. At inception, a portfolio holds only cash of an
initial amount h0 = 100, 000 US dollars. The cardinality constraint parameters
on the number of currencies KC = 14. The cardinality constraint parameters on
the number of forwards KG =
(
14
2
)
= 91. The number of scenarios (recourse
nodes) Nr = 1, 000.
5.3. Scenarios Generation Results
In our study, we generate scenarios from two methods, RVC and MVN. The first
one assumes no parametric form on a return distribution and models asset dependence
structure with an R-Vine copula. The latter assumes that asset returns are normally
distributed and the dependence structure is described through linear correlation. The
resulting scenarios generated from the two methods are likely to be different due to
different assumptions.
We follow the Monte Carlo simulation techniques of Levy [29] in order to construct
scenarios based on a multivariate normal distribution (MVN). For generating RVC sce-
narios, the methodology is as described in Subsection 3.1. We allow for 5 bivariate
copula families including the rotated version of Clayton and Gumbel copulas in order
to capture broader range of asset dependence structure. Table 7 lists all bivariate copula
families used in RVC scenario construction.
1When cardinality constraints are imposed, some return targets may not be achievable, the resulting
efficient frontier could thus be comprised of a smaller number of portfolios.
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Copula family Range of parameters Range of additional parameters
Gaussian (-1,1) -
Student’s t (-1,1) (2,∞)
Clayton (0,∞) -
Gumbel [1,∞) -
Frank R\{0} -
180-degree rotated Clayton copula (0,∞) -
180-degree rotated Gumbel copula [1,∞) -
90-degree rotated Clayton copula (−∞, 0) -
90-degree rotated Gumbel copula (−∞,−1] -
270-degree rotated Clayton copula (−∞, 0) -
270-degree rotated Gumbel copula (−∞,−1] -
Table 7: List of bivariate copula families and ranges of associated parameters. Student’s t copula requires an
additional parameter to specify its degree of freedom.
In order to justify if the number of scenarios specified (Nr = 1, 000) can capture
the necessary characteristics of assets, we follow the in-sample stability inspection
methodology in Mitra et al. [33] and Kaut and Wallace [23]. We test the in-sample
stability using scenario sets of size 500, 1,000, 1,500 and 2,000. For each scenario
set size, we exhibit the statistics of the 22 optimised objective values (the number of
portfolios on an efficient frontier as specified in Subsection 5.2). Table 8 compares
the descriptive statistics of CVaRs across different sizes of the scenario set for the two
scenario generation methods.
number of scenarios (RVC) number of scenarios (MVN)
500 1,000 1,500 2,000 500 1,000 1,500 2,000
average 0.086 0.070 0.071 0.070 0.072 0.067 0.067 0.068
standard deviation 0.056 0.032 0.032 0.032 0.034 0.027 0.027 0.027
range 0.103 0.101 0.102 0.102 0.082 0.081 0.081 0.082
min 0.038 0.033 0.032 0.033 0.040 0.031 0.030 0.030
max 0.141 0.134 0.134 0.135 0.122 0.112 0.111 0.112
Table 8: In-sample stability of mean-CVaR objective value for varying sizes of the scenario set. The statis-
tics reported of each scenario set are calculated from 22 observations. The objective value is the value of
minimum CVaR of a portfolio at each return target.
It can be seen that when the number of scenarios reaches 1,000 or more, the objec-
tive values (minimum CVaRs) are relatively identical, as opposed to when the number
of scenarios is 500. This is consistent with the notion of decision stability of Kaut and
Wallace [23] that “good” scenarios should lead to stable decision. In our context, a
stable decision is that portfolio allocation does not change when the number of scenar-
ios varies. The results from Table 8 point out that the number of scenarios fewer than
1,000 demonstrates unstable outcomes comparing to the case of larger than 1,000 sce-
narios. Therefore, our earlier setting of 1,000 scenarios should convincingly provide
stable portfolio decisions.
22
The comparison of descriptive statistics of asset returns under the scenario set of
size 1,000 is given in Table D.11. Note that returns shown in the table are produced
with interest-rate-adjusted to take into account the cost-of-carry of FX forwards (see
equation (18)). By comparing the minimum, mean and maximum returns of RVC
and MVN scenarios to the raw data, it is noticed that assuming normal distribution on
scenarios somewhat distorts original characteristics of asset returns. In constrast, in our
approach where asset return distribution is not assumed and asset dependence structure
is modelled by vine copula, the minimum, mean and maximum returns of raw data
are relatively well preserved. The difference in generated scenarios causes different
solutions for the optimisation problem.
5.4. Experimental Studies
This subsection aims to present the effects of different scenario generation methods
and different types of cardinality constraints on risk-return profile of portfolios. All the
experiments are run on Intel Core i7-5500U 3.0 GHz processor with 12.00 GB RAM
under Windows 10 operating system.
5.4.1. Efficient portfolios from Different Scenario Generation Methods
This study highlights the effects of different assumptions made on generating sce-
narios. The first approach generating scenarios by assuming that return distributions of
securities are normally distributed and the co-movement between assets is represented
by correlations (or linear relationships). Another approach makes no assumption on
distribution family, rather, it takes the empirical distribution from available historical
data. The inter-relationship between assets is described in terms of dependence and is
captured by copulas. The solutions obtained from two types of generated scenarios thus
differ by the assumption on the shape of return distributions and linear or non-linear
relationship between securities.
Naturally, optimal portfolios are most efficient when evaluated in their own “en-
vironment”; the one used to create them. Here we define the environment as returns
generated under different underlying assumptions. For instance, return and risk of one
asset can be completely different when its return distribution is assumed to be skew and
fat-tailed instead of Gaussian. Hence the optimal portfolios under multivariate normal
return distribution (MVN) could not be the most efficient when their risks and returns
are evaluated with return scenarios generated from other methods such as regular-vine
copula based scenario (RVC). This is evidently demonstrated in Figure 3.
The efficient frontiers in Figure 3 is created by applying optimal allocations on
returns produced from scenario generators. Naturally, optimal portfolios in one envi-
ronment are less efficient when evaluated in other environments. This finding coincides
with the work of Krokhmal et al. [26] which compare portfolios optimised under dif-
ferent risk measures (variance and CVaR). It is reported that CVaR optimal portfolios
have higher standard deviation than that of the efficient mean-variance portfolios and
the mean-variance optimal portfolios have higher CVaR than that of CVaR portfolios.
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Figure 3: Comparison of efficient portfolios under different environments. The RVC portfolios are optimal
under scenarios that do not assume normal distribution of returns. The MVN portfolios, on the other hand,
are optimal under normal-distribution assumption. The left panel demonstrates the risk-return of efficient
portfolios if returns are normally distributed and the right panel illustrates the risk-return profile of same
portfolios if return distributions are not assumed Gaussian. Naturally, optimal portfolios in one environment
are less efficient when evaluated in other environments.
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Figure 4: Equity allocation and foreign currency exposure of portfolios. The left panel shows proportion of
equity (from all markets) in portfolios and the right panel presents aggregate exposure in foreign currencies
(non-USD) of portfolios. It is noticed that the MVN portfolios tend to hold more equities and foreign
currencies (when return is over 1%) than the RVC counterpart.
Consequently, we compare optimal allocations obtained from two scenario genera-
tion methods to see if different assumptions cause deviation in optimal allocations. The
left panel of Figure 4 illustrates equity allocations and the right panel shows foreign cur-
rency (non-USD) exposure of portfolios. Generally, high equity holding and foreign
currency exposure constitute risky portfolios. It is observed that optimal portfolios
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from MVN scenarios hold more equities than those optimised under RVC scenarios.
For exposure on foreign currencies, although optimal portfolios from RVC scenarios
more expose to foreign currencies at low-range returns, the MVN portfolios demon-
strate a steep increase in foreign currency exposure when the target return is over 1%
monthly approximately.
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Figure 5: Currency Overlay on portfolios. The MVN portfolios demonstrate higher currency exposure ad-
justment though foreign exchange forwards than the RVC portfolios.
Foreign currency exposure is basically an aggregation of investments in foreign as-
sets and forward positions. To investigate further on the source of foreign currency
exposure, We plot the total currency overlays in Figure 5. It is shown that optimal port-
folios from multivariate normal assumptions hold more forward contracts to adjust their
currency exposures than optimal portfolios from copula-based scenarios for almost all
return targets. The findings in Figures 4 and 5 conclude that portfolios optimised as-
suming asset returns are normally distributed tend to hold more risky investments than
optimal portfolios from copula-based scenarios.
However, it should be noted that proportion of risky investments in optimal allo-
cations cannot predict anything about portfolio performances. The reason that optimal
portfolios in normal-distribution assumption hold more equities and foreign currencies
could be that risks from extreme events which cannot be captured by normal distribu-
tion are overlooked and thus the exact risks could be underestimated. The proportion
of risky investments is hence higher than the case that uncertainty is more-concerned.
To evaluate optimal portfolios from different scenario generation methods, we perform
an out-of-sample test in Section 5.4.3.
5.4.2. Effects of Cardinality Constraints on Risk and Return of Portfolios
The study limits the range of currencies and the number of foreign exchange for-
wards to be invested in a portfolio. Although investing in multiple countries offers
diversification on asset and currency exposures, investing in a small set of countries
could save operational and transaction costs. Limiting the number of currencies and
forwards associated in a portfolio can be implemented through cardinality constraints.
In our optimisation model, the number of currencies and foreign exchange forwards in
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a portfolio are determined by KC and KG. In this study, portfolios are optimised using
RVC scenarios.
KC indicates the number of currencies in a portfolio. Since the base currency of the
portfolio is USD which is also the funding currency of forward positions, the smallest
number of currencies in the portfolio is therefore two, i.e., USD and another currency.
KG limits the number of foreign exchange forwards constituted in a currency overlay.
Because there must be at least two or more currencies in an international portfolio, the
smallest number of forwards in the portfolio is one. The plot of efficient frontiers at
different levels of KC and KG are given in Figures 6, 7 and 8.
The unrestricted case allows that a portfolio can invest in all currencies (KC =
14) and that a currency overlay can be created from all forward pairs possible KG =(
14
2
)
= 91. Restricting the number of currencies that a portfolio can invest or limiting
the number of forward contracts in a currency overlay make portfolios less efficient.
Efficient frontiers of portfolios with cardinality constraints are truncated, some return
targets are not achievable due to fewer choices of investments.
The empirical results show that imposing limits on KC causes more deviation than
on KG. The reason is that limiting KC affects both investment decisions in assets and
currencies while limiting KG affects only choices in adjusting currency exposure. Fo-
cusing on the case that KG is restricted (Figure 7), the deviation between efficient fron-
tiers are widened with the return targets. This is possibly due to limited choices to
hedge foreign currency exposure. Basically, portfolios seek higher returns by invest-
ing in risky assets, e.g., emerging markets whose their currency returns are volatile.
Hedging such exposure to local currency is an option to lower risk to portfolio but with
the constraints imposed, the capacity of currency hedging is confined and hence the
portfolio risk is not efficiently reduced in such cases.
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Figure 6: Comparison of portfolios without cardinality constraints and those with the cardinality constraint
on the number of currencies (KC). When unrestricted, KC = 14 which allows portfolios to invest in all
currencies. KC = 7 and KC = 2 then limits that portfolios can invest in 7 and 2 currencies, respectively.
Although saving transaction costs, tighter restriction on the number of currencies results in lower flexibility
to modify currency exposure, less efficient portfolios.
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Figure 7: Comparison of portfolios without cardinality constraints and those with the cardinality constraint
on the number of forwards (KG). When KG is unrestricted, it implies that all forward pairs can be used to
construct a currency overlay. KG = 7 and KG = 1 then limits that the currency overlay is a combination of
7 and 1 forward pair(s), respectively. Although saving transaction costs, tighter restriction on the number of
forwards results in lower flexibility to modify currency exposure, less efficient portfolios.
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Figure 8: Comparison of portfolios without cardinality constraints and those with both the cardinality con-
straints on the number of currencies (KC) and the number of forwards (KG). KC = 7 and KG = 7 restrict
that portfolios can invest in 7 currencies and adjust currency exposures using 7 forward pairs. KC = 2 and
KG = 1 limit further that portfolios can invest in only 7 currencies and adjust currency exposures with only
single forward pair. Although transaction costs can be reduced, tighter restriction on the number of countries
and the number of forwards results in even less efficient portfolios.
Imposing both restrictions on KC and KG (Figure 8) at the same time greatly im-
pacts risk and return of portfolios. The case that portfolios can only invest in two cur-
rencies and do a currency overlay with a single forward contract (KC = 2 and KG = 1)
significantly limits the return ranges and flattens the efficient frontiers (implying that
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taking much more risk to increase the target returns).
In terms of computational time, we report an average runtime (minutes) in running
each optimal portfolio in Table 9. Note that the sample sizes of the average runtimes
are varied. The number of optimal portfolios are fewer when cardinality constraints be-
come tighter. The cardinality constraints also result in a search space reduction which
lower the solving time taken accordingly.
Cardinality Constraints Sample Size Average Runtime (mins)
KC = 14, KG = 91 22 49.4
KC = 14, KG = 7 19 46.7
KC = 14, KG = 1 14 44.3
KC = 7, KG = 91 15 48.1
KC = 2, KG = 91 10 43.2
KC = 7, KG = 7 13 39.2
KC = 2, KG = 1 4 38.7
Table 9: The average runtime (minutes) taken in solving the optimisation problem at a given level of return
under different cardinality constraints configurations. KC = 14 and KG = 91 indicate no restriction on the
number of currencies and no restriction on the number of foreign exchange forwards, respectively. Each
portfolio is run under 1,000 scenarios.
5.4.3. Out-of-Sample Performance
This study presents cumulative returns of optimal portfolios from different scenario
generation methods over the out-of-sample period (Jan-12 to May-15). Since our data
frequency is monthly, there are in total 41 observations for returns and prices of all
assets, currencies and forwards. The cumulative return index is constructed to compare
the cumulative return by setting an initial wealth of 100 in Jan-12 then accumulating
the monthly returns until May-15.
The plot of cumulative wealths is exhibited in Figure 9. Each curve represents
the cumulative wealth of each optimal portfolio. The top curves are from the port-
folios with high expected returns showing highly volatile paths but ending with high
final wealths. The bottom curves are from the portfolios with low return targets which
demonstrate more stable wealths along the period with decent wealth in May-15. It
is noticed that, in the first year of the test period, portfolios with low to moderate ex-
pected return experience negative wealth while the risky portfolios do not. In addition,
the gaps between portfolio wealths are tight at the beginning and become widening af-
ter late 2013. This is mainly due to stock markets rally as a results of several stimulus
packages from the central banks after consecutive financial crises.
To compare the performances of efficient portfolios from RVC and MVN scenar-
ios, we present various performance evaluation measures as displayed in Figure 10.
The top-left panel of Figure 10 exhibits the final wealths by different levels of expected
return target. It is shown that final wealths from two generation methods coincide
with each other until when the target return is greater than 1%, the RVC portfolios
then shows significantly higher final wealths. The top-right panel displays the aver-
age monthly return over the test period where the copula-based portfolios demonstrate
higher average return at almost all return targets.
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Figure 9: Cumulative wealth over the out-of-sample period (Jan-12 to May-15) of optimal portfolios from
two scenario generation methods; RVC and MVN approaches. Each curve represents cumulative wealth of
an optimal portfolio with respect to a given target return. Portfolios with higher risk-return profile exhibits
higher final wealth with higher volatility along the period.
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Figure 10: Performances comparison of efficient portfolios under RVC and MVN scenarios. final wealth
presents the wealth of a portfolio on May-15 given that the starting wealth is 100 on Jan-12. mean return
shows average return over the period of portfolios. historical CVaR exhibits the average portfolio returns
below 5th-percentile. mean return / historical CVaR reports the ratio of average portfolio return over the
historical CVaR.
The bottom-left panel plots the historical CVaR of portfolio returns which is cal-
culated by averaging returns lower than the 5th-percentile of portfolio returns in the
test period. It is noticed that the CVaRs over the out-of-sample period for RVC and
MVN portfolios are relatively the same for low to medium return targets. Then the
CVaRs of copula-based portfolios are significantly higher when portfolios reach higher
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returns. The plots of mean return and historical CVaR reveal that RVC portfolios show
higher CVaRs but with higher returns than MVN portfolios. To see the risk-return
compensation, the ratio of average return over CVaR is calculated and illustrated in
the bottom-right panel. The higher value of the ratio indicates higher average return is
rewarded per unit of risk taken. It is observed that RVC portfolios clearly show better
risk-return reward although having higher CVaRs in general. It is only at very low
return targets that MVN portfolios have better risk-return ratio due to the much lower
CVaR values in the range of low returns.
6. Conclusions
In this study, an optimisation model for international portfolio with currency over-
lay is proposed. The portfolio is integrated with a currency overlay constructed from
foreign exchange forwards providing flexibility for hedging and speculating currency
exposure. The portfolio structure allows asset allocation and forward positions to be
optimised at the same time for portfolio optimality in terms of asset and currency ex-
posure.
In generating scenarios for the associated stochastic optimisation problem, the key
improvement is that we do not assume normality in the returns, and instead model real-
istic dependence structures of returns by using a regular-vine copula (RVC). The aim is
to better capture the underlying risk and interdependence of securities held in a portfo-
lio. The resulting portfolios optimised under scenarios generated from our method are
compared to those obtained from a traditional approach, i.e., assuming that returns are
multivariate normally distributed (MVN). The experiment results show that efficient
RVC portfolios hold a lower proportion (compared to MVN solutions) of risky assets
foreign currency when they are optimised using copula-based scenarios. In addition,
the out-of-sample performances show that the RVC portfolios demonstrate higher risk-
return reward than the MVN portfolios. The difference in risk-return compensation is
not significant when portfolio return targets are under 1% monthly but become ever
more noticeable when the return targets are higher. This finding highlights the ben-
efit of employing a regular-vine copula, particularly when portfolios hold substantial
portion of risky assets, and which do not generally follow normality assumption.
References
[1] Aas, K., Czado, C., Frigessi, A., and Bakken, H. (2009). Pair-copula constructions
of multiple dependence. Insurance: Mathematics and economics, 44(2):182–198.
[2] Ang, A. and Bekaert, G. (2002). International asset allocation with regime shifts.
Review of Financial studies, 15(4):1137–1187.
[3] Ang, A. and Chen, J. (2002). Asymmetric correlations of equity portfolios. Journal
of Financial Economics, 63(3):443–494.
[4] Artzner, P., Delbaen, F., Eber, J.-M., and Heath, D. (1999). Coherent measures of
risk. Mathematical finance, 9(3):203–228.
30
[5] Bedford, T. and Cooke, R. M. (2002). Vines: A new graphical model for dependent
random variables. Annals of Statistics, pages 1031–1068.
[6] Bertsimas, D. and Pachamanova, D. (2008). Robust multiperiod portfolio man-
agement in the presence of transaction costs. Computers & Operations Research,
35(1):3–17.
[7] Birge, J. R. and Louveaux, F. (2011). Introduction to stochastic programming.
Springer Science & Business Media.
[8] Campbell, R., Koedijk, K., and Kofman, P. (2002). Increased correlation in bear
markets. Financial Analysts Journal, 58(1):87–94.
[9] Chatsanga, N. and Parkes, A. J. (2016). International Portfolio Optimisation with
Integrated Currency Overlay Costs and Constraints. Preprint in arXiv.
[10] Dissmann, J. (2010). Statistical inference for regular vines and application.
Diploma thesis, Technische Universitat Munchen.
[11] Dissmann, J., Brechmann, E. C., Czado, C., and Kurowicka, D. (2012). Selecting
and estimating regular vine copulae and application to financial returns. Computa-
tional Statistics & Data Analysis.
[12] Dyer, M. and Stougie, L. (2006). Computational complexity of stochastic pro-
gramming problems. Mathematical Programming, 106(3):423–432.
[13] Erb, C. B., Harvey, C. R., and Viskanta, T. E. (1994). Forecasting international
equity correlations. Financial analysts journal, 50(6):32–45.
[14] Fonseca, R. J. and Rustem, B. (2012). Robust hedging strategies. Computers &
Operations Research, 39(11):2528–2536.
[15] Goldberg, D. E. et al. (1989). Genetic algorithms in search optimization and
machine learning, volume 412. Addison-wesley Reading Menlo Park.
[16] Holland, J. H. (1975). Adaptation in natural and artificial systems: an intro-
ductory analysis with applications to biology, control, and artificial intelligence. U
Michigan Press.
[17] Høyland, K., Kaut, M., and Wallace, S. W. (2003). A heuristic for moment-
matching scenario generation. Computational optimization and applications, 24(2-
3):169–185.
[18] Joe, H. (1996). Families of m-variate distributions with given margins and m
(m-1)/2 bivariate dependence parameters. Lecture Notes-Monograph Series, pages
120–141.
[19] Joe, H. (1997). Multivariate models and multivariate dependence concepts. CRC
Press.
[20] Kall, P. and Wallace, S. W. (1994). Stochastic programming. Springer.
31
[21] Kaut, M. (2014). A copula-based heuristic for scenario generation. Computa-
tional Management Science, 11(4):503–516.
[22] Kaut, M., Vladimirou, H., Wallace, S. W., and Zenios, S. A. (2007). Stability
analysis of portfolio management with conditional value-at-risk. Quantitative Fi-
nance, 7(4):397–409.
[23] Kaut, M. and Wallace, S. W. (2003). Evaluation of scenario-generation methods
for stochastic programming. Pacific Journal of Optimization, 3(2):257–271.
[24] Kaut, M. and Wallace, S. W. (2011). Shape-based scenario generation using
copulas. Computational Management Science, 8(1-2):181–199.
[25] Kendall, M. G. (1938). A new measure of rank correlation. Biometrika,
30(1/2):81–93.
[26] Krokhmal, P., Palmquist, J., and Uryasev, S. (2002). Portfolio optimization with
conditional value-at-risk objective and constraints. Journal of Risk, 4:43–68.
[27] Kurowicka, D. and Cooke, R. M. (2006). Uncertainty analysis with high dimen-
sional dependence modelling. John Wiley & Sons.
[28] Larson, H. L. (1982). Introduction to Probability Theory and Statistical Inference.
John Wiley & Sons.
[29] Levy, G. (2003). Computational finance: numerical methods for pricing financial
instruments. Butterworth-Heinemann.
[30] Longin, F. and Solnik, B. (2001). Extreme correlation of international equity
markets. The Journal of Finance, 56(2):649–676.
[31] Markowitz, H. (1952). Portfolio selection. The journal of finance, 7(1):77–91.
[32] Mitchell, M. and Pulvino, T. (2001). Characteristics of risk and return in risk
arbitrage. Journal of Finance, pages 2135–2175.
[33] Mitra, L., Mitra, G., and Roman, D. (2009). Scenario generation for financial
modelling: Desirable properties and a case study. OptiRisk Syst., White Pap. Ser,
10:1–20.
[34] Nelsen, R. B. (2007). An introduction to copulas. Springer Science & Business
Media.
[35] Patton, A. J. (2004). On the out-of-sample importance of skewness and asymmet-
ric dependence for asset allocation. Journal of Financial Econometrics, 2(1):130–
168.
[36] Pearson, K. (1895). Note on regression and inheritance in the case of two parents.
Proceedings of the Royal Society of London, 58:240–242.
[37] Rockafellar, R. T. and Uryasev, S. (2000). Optimization of conditional value-at-
risk. Journal of risk, 2:21–42.
32
[38] Rockafellar, R. T. and Uryasev, S. (2002). Conditional value-at-risk for general
loss distributions. Journal of Banking & Finance, 26(7):1443–1471.
[39] Schepsmeier, U., Stoeber, J., Brechmann, E., and Graeler, B. (2012). VineCopula:
Statistical inference of vine copulas. R package version, 1.
[40] Silverman, B. W. (1986). Density estimation for statistics and data analysis,
volume 26. CRC press.
[41] Sklar, A. (1996). Random variables, distribution functions, and copulas: a per-
sonal look backward and forward. Lecture notes-monograph series, pages 1–14.
[42] Sklar, M. (1959). Fonctions de re´partition a` n dimensions et leurs marges. Uni-
versite´ Paris 8.
[43] Stoyan, S. J. and Kwon, R. H. (2011). A stochastic-goal mixed-integer program-
ming approach for integrated stock and bond portfolio optimization. Computers &
Industrial Engineering, 61(4):1285–1295.
[44] Sutiene, K. and Pranevicius, H. (2007). Scenario generation employing copulas.
In World Congress on Engineering, pages 777–784.
[45] Topaloglou, N., Vladimirou, H., and Zenios, S. A. (2008). A dynamic stochastic
programming model for international portfolio management. European Journal of
Operational Research, 185(3):1501–1524.
[46] Wallace, S. W. and Ziemba, W. T. (2005). Applications of stochastic program-
ming, volume 5. SIAM.
Appendix A. Sequential Method to Select an R-Vine Model
Dissmann et al. [11] proposed that the algorithm involves searching for an appro-
priate R-vine tree structure, the pair-copula families, and the parameter values of the
chosen pair-copula families which is summarised as follows.
1. Calculate the empirical Kendalls tau for all possible variable pairs.
2. Select the tree that maximises the sum of absolute values of Kendalls taus.
3. Select a copula for each pair and fit the corresponding parameters.
4. Transform the observations using the copula and parameters from Step 3. To
obtain the transformed values.
5. Use transformed observations to calculate empirical Kendalls taus for all possi-
ble pairs.
6. Proceed with Step 2. Repeat until the R-Vine is fully specified.
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Appendix B. Scenario Generation using R-Vine Copula
1. Modelling marginal distributions - The example of fitting marginal distributions
to monthly returns of US treasury index, S&P500 index and EURUSD is shown
in Figure B.11. In our scenario generation method, the empirical distribution
estimates are employed to fit the return distributions.
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Figure B.11: Marginal distribution fitting of US treasury index, S&P500 index and EURUSD
monthly returns over Jan-02 to Dec-11. The histograms illustrate distributions of raw data, the blue
curves show the assumed normal distributions while the red curves demonstrate empirical distri-
butions estimated by Epanechnikov kernel and optimal bandwidth. It can be noticed that extreme
returns can be better captured by empirical distributions that normal distributions.
2. Estimating a regular-vine copula - The regular-vine copula specification is esti-
mated by the sequential method of Dissmann et al. [11] as outlined in Appendix
A. Let X1, X2 and X3 denote the monthly returns of US treasury index, S&P500
index and EURUSD, respectively. The estimation results from the sequential
method show that the joint density decomposition is as shown in Figure B.12.
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Figure B.12: The regular vine copula of US government bond index, S&P500 index and EURUSD.
With three variables, there exists two trees composing the vine. The yellow nodes represent the return
distributions while the edges linking the nodes represents the associated copulas. The combination
of nodes and edges from all trees produces the joint density function.
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3. Sampling for a regular-vine density - We simulate 1,000 scenarios for returns of
each asset. Figure B.13 display histograms of return distributions from raw data
(left panels) and histograms of return distributions from simulated data (right
panels). The simulated marginal distribution s exhibit similar means and vari-
ances to those from raw data.
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Figure B.13: The return histograms of raw data (left panels) and simulated data (right panels).
Figure B.14 shows the bivariate return distributions of raw data and simulated
data. The joint distribution shows the interdependence between asset returns
which is characterised by the copula family and copula parameters estimated
earlier.
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Figure B.14: [[AJP: CHECK THIS USED THE CORRECT FILE]] The joint return distribu-
tions by asset pairs. The left panels show the bivariate distributions of raw data and the right panels
show the bivariate distributions of simulated data.
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Appendix C. Asset and Currency Universe
ID Notation Description
1 ARS Argentinian Peso
2 BRL Brazillian Lira
3 CAD Canadian Dollar
4 CLP Chilean Peso
5 MXN Mexican Peso
6 EUR Euro
7 GBP Sterling Pound
8 CHF Swiss Franc
9 AUD Australian Dollar
10 INR Indian Rupee
11 JPY Japanese Yen
12 KRW South Korean Won
13 SGD Singapore Dollar
14 govt.AU Australian government bond index (1-10 years)
15 govt.AT Austria government bond index (1-10 years)
16 govt.BE Belgium government bond index (1-10 years)
17 govt.CA Canada government bond index (1-10 years)
18 govt.FR France government bond index (1-10 years)
19 govt.DE Germany government bond index (1-10 years)
20 govt.KR South Korean government bond index (1-10 years)
21 govt.JP Japan government bond index (1-10 years)
22 govt.MX Mexico government bond index (1-10 years)
23 govt.NL The Netherlands government bond index (1-10 years)
24 govt.SG Singapore government bond index (1-10 years)
25 govt.UK UK government bond index (1-10 years)
26 govt.US US government bond index (1-10 years)
27 corp.EU European corporate bond index (1-10 years)
28 corp.UK UK corporate bond index (1-10 years)
29 corp.US US corporate bond index (1-10 years)
30 stock.NL The Netherlands stock index (AEX)
31 stock.AT Austria stock index (ATX)
32 stock.AU Australia stock index top-200 (ASX200)
33 stock.BE Belgium stock index top-20 (BEL20)
34 stock.IN India stock index top-50 (NIFTY50)
35 stock.BR Brazil stock index (BOVESPA)
36 stock.FR France stock index top-40 (CAC40)
37 stock.UK UK stock index top-100 (FTSE100)
38 stock.DE Germany stock index (DAX)
39 stock.US US stock index top-500 (S&P500)
40 stock.CA Canada stock index top-60 (S&P/TSX 60)
41 stock.CL Chile stock index (IPSA)
42 stock.KR South Korea stock index (KOSPI)
43 stock.AR Argentina stock index (MERVAL)
44 stock.MX Mexico stock index (IPC)
45 stock.JP Japan stock index top-225 (NIKKEI225)
46 stock.CH Switzerland stock index (SMI)
47 stock.SG Singapore stock index (STI)
48 XAU Gold (USD per troy ounce)
Table C.10: List of assets and currencies in a portfolio.
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Appendix D. Comparison of Generated Scenarios
Raw data MVN RVC
min (%) mean (%) max(%) min (%) mean (%) max(%) min (%) mean (%) max(%)
USD 0.000 0.001 0.008 0.000 0.001 0.008 0.000 0.001 0.008
ARS -49.38 -1.17 7.71 -21.96 -1.13 19.60 -49.38 -1.05 7.70
BRL -20.05 -0.03 15.18 -19.66 0.01 17.15 -20.01 -0.04 15.18
CAD -12.56 0.21 8.42 -12.51 0.24 10.33 -12.43 0.20 8.40
CLP -18.08 0.11 7.10 -13.64 0.15 12.52 -18.08 0.16 7.09
MXN -14.66 -0.28 7.86 -10.86 -0.22 11.52 -14.66 -0.24 7.84
EUR -9.73 0.20 11.42 -11.08 0.22 13.07 -9.72 0.20 11.42
GBP -9.35 0.07 8.78 -11.24 0.06 9.71 -9.34 0.05 8.78
CHF -11.03 0.41 15.56 -12.29 0.38 12.14 -11.02 0.40 15.56
AUD -16.36 0.34 9.20 -14.73 0.38 13.88 -16.33 0.35 9.20
INR -8.07 -0.14 7.40 -9.03 -0.13 8.25 -8.06 -0.11 7.40
JPY -8.22 0.09 7.93 -10.68 0.04 11.27 -8.22 0.10 7.91
KRW -12.12 0.18 16.63 -11.51 0.16 12.22 -12.12 0.21 16.63
SGD -7.22 0.22 4.56 -5.61 0.23 7.78 -7.20 0.25 4.56
govt.AU -2.47 0.54 4.12 -3.74 0.51 4.45 -2.46 0.54 4.12
govt.AT -2.35 0.51 4.58 -4.13 0.49 6.20 -2.35 0.49 4.58
govt.BE -3.74 0.52 6.83 -4.61 0.51 6.21 -3.73 0.50 6.83
govt.CA -2.09 0.48 4.72 -4.22 0.46 5.96 -2.09 0.46 4.72
govt.FR -2.65 0.48 4.41 -4.21 0.46 5.55 -2.64 0.46 4.41
govt.DE -1.89 0.47 3.95 -4.16 0.44 5.72 -1.88 0.45 3.95
govt.KR -2.98 0.52 6.82 -3.45 0.50 5.07 -2.97 0.50 6.82
govt.JP -2.22 0.16 1.89 -2.01 0.16 2.17 -2.22 0.15 1.89
govt.MX -5.31 0.78 6.26 -7.02 0.77 7.09 -5.31 0.77 6.26
govt.NL -2.15 0.49 4.48 -4.22 0.46 5.99 -2.15 0.47 4.48
govt.SG -3.15 0.29 3.71 -3.38 0.26 4.44 -3.15 0.27 3.71
govt.UK -4.71 0.52 5.48 -6.13 0.48 7.25 -4.71 0.51 5.48
govt.US -4.68 0.42 5.63 -5.18 0.40 5.82 -4.66 0.41 5.63
corp.EU -2.78 0.40 2.69 -3.10 0.39 3.80 -2.75 0.39 2.69
corp.UK -4.96 0.52 7.95 -5.60 0.48 7.03 -4.96 0.50 7.95
corp.US -8.06 0.03 8.45 -7.03 0.01 7.13 -7.99 0.01 8.45
stock.NL -22.62 -0.02 14.57 -23.19 0.09 23.86 -22.60 0.04 14.54
stock.AT -32.59 0.51 13.55 -25.35 0.65 23.33 -32.41 0.60 13.54
stock.AU -13.54 0.33 7.06 -13.47 0.40 13.83 -13.52 0.37 7.05
stock.BE -24.09 0.17 13.51 -18.61 0.25 19.19 -23.93 0.24 13.48
stock.IN -27.30 1.32 24.89 -23.67 1.43 29.73 -27.05 1.40 24.86
stock.BR -28.50 0.89 16.48 -29.83 1.03 30.20 -28.33 0.93 16.44
stock.FR -19.23 0.05 12.59 -19.67 0.14 19.78 -19.00 0.10 12.57
stock.UK -13.95 0.18 8.30 -15.16 0.28 16.50 -13.93 0.24 8.30
stock.DE -29.33 0.50 19.37 -24.20 0.62 23.21 -29.09 0.58 19.33
stock.US -18.56 0.37 10.23 -18.29 0.48 15.22 -18.35 0.43 10.20
stock.CA -18.55 0.43 10.62 -18.55 0.54 15.21 -18.48 0.46 10.45
stock.CL -10.07 0.77 14.92 -15.16 0.79 19.71 -10.07 0.77 14.91
stock.KR -26.31 0.70 12.68 -21.92 0.77 22.31 -26.26 0.83 12.68
stock.AR -45.81 2.32 39.67 -33.43 2.48 38.24 -45.70 2.38 39.64
stock.MX -19.67 1.22 12.38 -27.23 1.35 20.52 -19.54 1.27 12.33
stock.JP -27.22 0.39 12.09 -23.55 0.52 23.67 -26.98 0.52 12.09
stock.CH -14.03 0.22 10.61 -16.16 0.31 16.77 -13.97 0.28 10.58
stock.SG -27.36 0.48 19.30 -17.75 0.60 18.84 -27.29 0.58 19.27
XAU -16.27 0.91 11.77 -16.98 0.94 19.10 -14.97 0.90 11.45
Table D.11: Descriptive statistics of raw return data, MVN return data and RVC return data. All return data
are interest-rate-adjusted to take into account the cost-of-carry of FX forwards in a portfolio. The statistics
for raw data are calculated on 120 observations of in-sample return data. The statistics for MVN and RVC
returns are calculated on 1,000 observations from generated scenarios.
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